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corner of its assignedair space. It is likely that a human pilot would
develop a similar behavior.

Conclusion
The implementation of pilot behavior with a parameterized set

of rules is seen to be an effective way to represent a vast array of
alternative behaviors. It can easily be set to mimic the behavior of
human operatorsover a limited domain. In addition, any knowledge
obtainedduring the evolutionaryadaptationcan be readilyextracted
fromthe newcontrolparametervalues.The geneticalgorithmis seen
to be an effective method for evolving a population of trial control
parameters in a continuous search for better-adaptedbehaviors in a
complex, dynamicenvironment.The use of an internalsimulation is
seen to be a practicalway to representknowledgeabout the external
world.

The adaptivepilotmodel was able to generatebehaviorsthat were
signi� cantly better than those of preprogrammed models. Like the
human pilot it emulates, the pilotmodel can adapt its behaviorwhen
faced with novel threats and, thus, signi� cantly reduce the fraction
of missiles that leak through.
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Nomenclature
Cd = coef� cient of drag
Cl = rolling moment coef� cient
CN = normal force coef� cient
Cn = yawing moment coef� cient
C y = lateral force coef� cient
d = body diameter, reference length
Ix x ; Iyy ; Izz = moments of inertia
Ix y ; Ixz ; Iyz = products of inertia
l; m; n = x; y; z components of aerodynamic moments
M = Mach number
p; q; r = roll, pitch, and yaw rates
Q = dynamic pressure
S = reference area, ¼d2=4
Tx ; Ty; Tz = thrusts in x; y; and z directions
T 2 = torus with two frequencies
T 3 = torus with three frequencies
t = time
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V = translationalvelocity
W0 = total mass
®; ¯; 9 = angles of attack, side slip, and yaw
± = � n cant angle
±1; ±2 = thrust misalignment angles
µ; Á; ’ = rotation angles
! p = pitch frequency

Introduction

P ROJECTILES with wraparound� ns (WAF) haveacute inherent
dynamic instability. They show unfavorable damping charac-

teristics, which lead to unpredictable � ight behavior in pitch and
yaw rates as well as in angle of attack and sideslip angle. Through
the concept of a slightly asymmetric missile, Nicolaides1 showed
the possibilityof roll resonance.Nicolaides2 further put forward the
idea of roll lock-inand catastrophicyaw. A more generalanalysisof
the motion of rollingasymmetricbodies was presentedby Murphy.3

Nayfeh and Saric4 analyzed the roll resonance of a re-entry vehi-
cle and obtained necessary conditions for roll lock-in to occur. A
more detailedwork on roll lock-in of � nned projectileswas done by
Murphy.5 Ananthkrishnan and Raisinghani6 explored the stability
of lock-in solutions and roll resonance.

A numericalstudyofnonlineardynamicsofWAF projectilesfrom
the viewpointof chaos is presentedhere.The aims of the studyare to
� nd the boundariesof periodic,quasiperiodic,and chaotic motions;
to ascertain whether roll–pitch resonance lock-in occurs through
phase portrait analysis; and to activate roll breakout by controlling
the rotation number.

The scope of the work can be seen from two viewpoints: either
elimination of chaos during the design phase of WAF projectiles
or inclusion of controlled chaos to make the space–time trajectory
unpredictable.

Mathematical Model
The equations of motion are derivedwith respect to a � xed-plane

coordinate system. The x-axis points downrange, the y-axis points
to the left looking downrange, and the z-axis points up:

dp

dt
D QSdCl C qr.Iyy ¡ Izz/ C .q2 ¡ r 2/Iyz

C pq Izx ¡ pr Ix y C q Ix y C r Izx Ix x

C .¡pIx x C q Ix y C r Ix z/=Ix x (1)

dq

dt
D QSdCm C r p.Izz ¡ Ix x / C .r 2 ¡ p2/Izx C qr Ixy

¡ pq Iyz ¡ pIxy C r Iyz Iyy (2)

dr

dt
D QSdCn C pq.Ix x ¡ Iyy / C . p2 ¡ q2/Izx

C qr Ix y ¡ qr Izx C pIzx C q Iyz Izz (3)

dV

dt
D ¡

QSCdwind

W0
C g cos Á.cosµ sin ® cos ¯

C sin Á cos µ sin ¯ ¡ sin µ cos Á cos ¯/

C
Tx

W0
cos ® cos¯ C

Ty sin ¯ C Tz sin ® cos ¯

W0

(4)

d®

dt
D ¡

QSCl

W0V cos ¯
C q ¡ tan ¯.p cos ® C r sin ®/

C
g

V cos ¯
C .cosÁ cos µ cos ® C sin µ sin ®/

¡
Tx sin® ¡ Tz cos ®

W0V cos¯
(5)
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d¯

dt
D

QSCywind

W0V
C p sin ® ¡ r cos ® C

g

V
cos ¯ sin Á cosµ

C
sin ¯

V
.g cos ® sin µ ¡ g sin ® cos Á cos µ/

C
¡Tx cos ® ¡ Tz sin ®

W0V
C

Ty cos ¯

W0V
(6)

Because attitude–position measurements are made with respect
to an Earth-� xed axis system, additional transformation equations
are shown next in terms of the � xed-planeEuler angles µ and ’ and
angle of rotation Á:

dµ

dt
D q cosÁ ¡ r sin Á (7)

d’

dt
D

r cos Á C q sin Á

cos µ
(8)

dÁ

dt
D p C r tan µ cosÁ C q sin Á tan µ (9)

The aerodynamic force and moment coef� cients expressed by
CN ; Cy ; Cn ; Cl; etc., follow the standard de� nitions, as given in
Ref. 7.

Equations (1–9) are solved numerically using a Runge–Kutta–

Fehlberg scheme for various values of the � n canting angle ±. This
has been included in the code by variation of aerodynamic coef-
� cients and derivatives such as Clp ; Cmq ; Cn®; Cd , CPtail , CPnose;
etc., with Mach number (0.1–2.5) for different canting angles
(¡3–3 deg).

Analysis
Analyses of the dynamic variables have been performed using

a time history of signals, phase portraits, Poincaré sections, power
spectrum estimation, and autocorrelation.The variation in canting
angle brings about small but consequentialchanges in the dynamics
of pitching and yawing angular velocities, angle of attack, and side
slip angle, whereas the rest of the dynamic variablesexhibit steady-
state motion.

For these four dynamic variables, the time history of the signals
at various canting angles shows a change from periodic to low-
frequency quasiperiodic to multiple-frequency quasiperiodic mo-
tion and then back to low-frequency quasiperiodic to periodic mo-
tion as the magnitude of canting is increased from 0.0 to 3.0 (or
decreased to ¡3.0) deg. The phenomenon of roll–pitch resonance
can be seen by analyzing the phase portrait and Poincaré sections
of either yaw or pitch angular velocities or of angle of attack. The
roll breakout can be activated by crossing the critical rotation num-
ber (p=!p ) of 3. Moreover, other dynamically unstable problems
such as the occurrenceof catastrophicyaw can be investigatedfrom
power spectrum, time history, and correlation signals.

The canting of the � ns is done both clockwise and counterclock-
wise, i.e., positive and negativeangles,and it is observed that at zero
cant the missile exhibitssteady-statenonoscillatorymotion for all of
the dynamic variables. A further increase in the range 0.05–0.2 deg
results in observance of periodic motion in four dynamic variables
(q; r; ®, and ¯ ).

For the cantingangle regimeof 0.2–0.6 deg, quasiperiodicmotion
is observed. From 0.6- to 1.8-deg � n canting, roll lock-in occurs,
which results in multiple-frequencyquasiperiodicmotion (Fig. 1) of
all four dynamic variables mentioned. A low-dimensional strange
attractor is observed at ± D 1:0. Increasing ± from 1.8 to 2.7 deg
results in the gradual disappearance of the strange attractor and
formation of a T 2 torus at 1.9 deg. This roll breakout is observed at
the critical rotation number value of 3. After the roll breakout the
dynamic system reverts back to quasiperiodicmotion. From 2.7- to
3.0-deg � n canting, the T 2 torus disappears, and the system reverts
to the periodic regime.

There is a gradual shift of power-dominant frequencies to higher
values as the ± is increasedfrom 0.0 to 1.8 deg. Moreover, the power
contained in the subharmonic frequencies for multiple-frequency
quasiperiodic motion is approximately 10 times greater than that

Fig. 1 Yawing velocity vs time for weak chaotic motion at � n cant =
1.0 deg.

Fig. 2 Power spectrum of pitching velocity showing frequency shift at
various canting angles.

for subharmonics in the quasiperiodicregime. This aspect of power
concentrationis in contrastto theaspectof power spreadas occursin
chaos in � uid � ows.8 For ± ¸ 1:8, the power-dominant frequencies
again start shifting to lower values, with a consequent increase in
the magnitude of power (Fig. 2).

The autocorrelation of any one of the four dynamic signals ex-
hibitsa gradualdecreasein amplitudefromperiodicto quasiperiodic
to weak chaotic motion as ± is increased. To check the consistency
of the critical value of the rotation number, the inertia of the pro-
jectile was increased to reduce !p by 25%; nonetheless,the critical
rotation number remained invariably constant.

Conclusion
The following conclusionshave been reached.
1) The dynamic variables such as pitching angular velocity,yaw-

ing angular velocity, angle of attack, and sideslip angle all show
multiple quasiperiodicityas the � n canting angle ± is varied.

2) Periodic motionsare observedfor pitchingand yawingangular
velocities, angle of attack, and sideslip angles for canting angles in
the range 0.05–0.2 deg.

3) Low-frequencyquasiperiodicmotion is observed for the same
dynamic variables just mentioned for canting angles in the range
0.2–0.6 deg. The formation of degree two and three toruses is ob-
served as ± is varied.

4) Roll breakoutcan be achievedby crossing the 3:1 critical ratio
of roll–pitch angular velocities.
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5) Further increase of canting angle 1.9–2.7 deg results in quasi-
periodic motion.

6) From 2.7 to 3.0 deg periodicity again appears.
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Introduction

I T is likely that future large space structures will be constructed
by docking several modules together in orbit. Before docking,

each module is stabilizedby its own controller.However, the stabil-
ity of the connectedsystem is not guaranteedby the local controllers
because they are designed for the isolated subsystems. In view of
this, there is a need to design a stabilizing controller for the dock-
ing case when the plant propertiesdrasticallychange.Decentralized
control technology, which has the potential capability to stabilize
interconnectedsystems with informationconstraints,seems to meet
this requirement. A great deal of research has been carried out on
this problem.1¡5 Their common framework is to obtain decentral-
ized control system stability under the structural perturbations that
result when modules are connected and disconnected in arbitrary
ways. By this method, a set of local controllers achievesconnective
stability for space structures of arbitrary con� guration. However,
this is not necessarily the case in an actual construction scenario. It
is usual that space structures are constructed by connecting new
modules to already existing structures one after another. In this
case, only the local controller of the new module should be de-
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signed so as to stabilizethe connectedsystem, without changing the
existing system. This is called the expanding system problem.6¡8

This Note investigates stabilization during this type of construc-
tion. The controllerdesign procedure is formulated in a ¹ synthesis
framework, and a simple numerical example is used to illustrate its
capability.

Problem De� nition
Consider a space structure to be constructed in orbit by con-

necting two modules 1 and 2 . The mathematical models of
i .i D 1; 2/ are described by modal equations:

Mi Rpi C Di Ppi C K i pi D L i ui ; yi D Hi pi (1)

where pi 2 RNi is the modal coordinate vector and ui and yi are
the control input and measurementoutput vectors, respectively.The
diagonal matrices Mi , Di , and K i are the mass, damping, and stiff-
ness in modal space. The connected system after docking can be
modeled by a direct � nite element method (FEM) analysis or by
a component mode synthesis.9 Regardless of the approach taken,
however, it is ultimately described by another modal equation as
follows:

M Rp C D Pp C K p D L :1u1 C L :2u2
(2)

y1 D H1: p; y2 D H2: p

where p 2 RN is the global modal coordinate after docking. The
purpose of decentralized control synthesis is to obtain a pair of
controllers

ui D Ci .s/yi (3)

for i D 1; 2, whichstabilizes 1 , 2 , and . We designthe controllers
by the following two steps: 1) design C1.s/, which stabilizes 1,
and 2) design C2.s/, which stabilizes 2 and O simultaneously,
where O is the closed-loop system of with the controller u1 D
C1.s/y1. Becausethe � rst step is the ordinaryvibrationcontrolprob-
lem, it will not be discussed in detail here. The design problem of
C2.s/ is investigated in the next section.

Controller Synthesis
We � rst derive two conditions for C2.s/ to stabilize 2 and O

independently. It will then be shown that the latter condition in-
cludes the former under an assumption. The controller must be a
reduced-order controller because the model order of Eqs. (1) and
(2) is excessively large. This is an essential requirement for a vi-
bration control problem. To investigatethe controller stabilizing 2,
Eq. (1) is rewritten in the frequencydomain as y2 D P2.s/u2. Then
we separate P2.s/ into a control model Q2.s/ and a residual model
R2.s/ as P2.s/ D Q2.s/ C R2.s/. We regard Q2.s/ as the nominal
model whose state-space realization is Q2.s/ D C.s I ¡ A/¡1 B,
where A 2 R2n2 £ 2n2 and n2 ¿ N2. Then 2 is equivalent to an
extended system:

y2 D Q2.s/u2 C w2; z2 D u2

having the model error loop w2 D R2.s/z2 . Therefore, if C2.s/ sta-
bilizes Q2.s/ and satis� es

kR2T k1 < 1; T .s/ D C2.s/[I ¡ Q2.s/C2.s/]¡1 (4)

then 2 is robustly stabilized against R2.s/. Next, the condition
under which C2.s/ stabilizes O is considered. From Eq. (2), is

y1 D P11.s/u1 C P12.s/u2; y2 D P21.s/u1 C P22.s/u2

in the frequency domain. Then the closed-loop system O produced
by C1.s/ becomes

y2 D OP2.s/u2; OP2 D P21C1.I ¡ P11C1/¡1 P12 C P22 (5)

We again describe Pi j .s/ D Qi j .s/ C Ri j .s/ for i; j D 1; 2 so that
Q i j .s/ has the same numberof modes as Q2.s/; i.e., its realizationis
Q i j .s/ D Cqi .s I ¡ Aq /¡1 Bq j , where Aq 2 R2n2 £ 2n2 . In the sequel,


